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Abstract. We introduce the CHR machine, a model of computation
based on the Constraint Handling Rules programming language. Its com-
putational power and time complexity properties are compared with
those of the Turing machine and Random Access Memory machine. Our
major result is the proof that every algorithm can be implemented in
CHR with the best known time and space complexity.

1 Introduction

Constraint Handling Rules (CHR) [5] is a high-level programming language ex-
tension based on multi-headed committed-choice rules. Originally designed for
writing constraint solvers, it is increasingly used for general purposes.

After a new programming language is introduced, sooner or later the ques-
tion arises whether classical algorithms can be implemented in an efficient and
elegant way. In [15] this question is partially answered for CHR by describing
a CHR implementation of the union-find algorithm. Thanks to some compiler
optimizations, most notably hash-table constraint stores, the best known time
complexity was obtained. In contrast, it is not clear whether the union-find al-
gorithm can be implemented with optimal complexity in pure Prolog [7].

The major result of this paper is an affirmative answer to the first part of
the above question: is it possible, in general, to implement algorithms in CHR in
an efficient way? i.e. with the best known time and space complexity. We have
investigated this question by introducing a new model of computation, the CHR
machine, and comparing it with the Turing machine and RAM machine models.

[6] gives a complexity meta-theorem for CHR programs with only simplifica-
tion rules. It provides a general technique for obtaining (crude) upper bounds on
the time complexity of such programs. Two rather orthogonal components need
to be considered in this analysis: the number of rule applications in a derivation,
and the cost of finding applicable rules. Considering the current state-of-the-art
in CHR compilation, the former component depends only on the CHR program
itself, while the latter is implementation-dependent. In an attempt to separate
these two components, we will assume the CHR machine to be able to find ap-
plicable rules in constant time. This assumption is realistic for a class of CHR
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programs, including the simulators we will describe, but it is not feasible in the
general case. New compiler optimizations allow a more efficient search for appli-
cable rules. In our terminology, such optimizations correspond to better RAM
machine simulators of the CHR machine.

Overview. In the next section we define Turing machines and RAM machines,
because multiple definitions are used in the literature, and we introduce the CHR
machine. We discuss simulation of Turing machines and RAM machines by CHR
in Sections 3 and 4. Then, in Section 5, we investigate RAM machine simulation
of CHR. From these results, we derive a theoretical simulation of CHR by a
Turing machine in Section 6. Finally, in Section 7 we conclude this paper.

The following graph illustrates the global structure of this paper, and sum-
marizes the complexity results. An arrow from computation model X to compu-
tation model Y means that X can be simulated in Y . The arrows are annotated
with a reference to the relevant section, and an upper bound on the complexity
penalty for the simulation, where T represents the original time complexity and
m is the maximal number of head constraints in a rule of the CHR program.

CHR

TM RAM

Sec. 2

Sec. 3
O(T )

Sec. 6
O(T 8m)

Sec. 4
O(T )

Sec. 5
O(Tm)

Sec. 5.2
O(T )

O(T )

O(T 8)

2 Models of computation

In this section, we will describe three models of computation: the Turing ma-
chine, the Random Access Memory (RAM) machine, and the Constraint Han-
dling Rules (CHR) machine. We discuss two variants of the RAM machine with a
different instruction set: the Peano-arithmetic RAM machine and the standard-
arithmetic RAM machine. Similarly, we define two variants of the CHR machine:
the CHR-only machine and the minimal host-language CHR machine.

2.1 Turing machines

We will use the single-tape formulation of the Turing machine (TM). Multi-
tape Turing machines can be simulated on single-tape Turing machines with a
quadratic complexity penalty [8]. The definition below corresponds to [11].



Definition 1 (Turing Machine). A Turing machine is defined as a 6-tuple
M = 〈Q,Σ, s0, b, F, δ〉 where

– Q is a finite set of states
– Σ is a finite set of symbols, the tape alphabet
– s0 ∈ Q is the initial state
– b ∈ Σ is the blank symbol
– F ⊆ Q is the set of accepting final states
– δ : Q \ F × Σ 7→ Q × Σ × {L,R} is a partial function called the transition

function where L is left shift, R is right shift

In the literature definitions sometimes differ, but without an impact on the
computational power or time complexity. For example the set {L,R} is often
extended with S, allowing the machine to stay on the same tape cell.

A Turing machine M operates on an infinite tape of cells. Each cell contains a
symbol of the tape alphabet Σ. The tape is assumed to be arbitrarily extendible
to the left and the right. A head is positioned on a particular cell of the tape,
can read and write a symbol in that cell and can move left and right.

Operation starts in the initial state s0 on a tape with a finite number of
non-blank cells (called the input) and the head is positioned on the left-most
non-blank symbol. Execution proceeds by considering the current state s and
the symbol σ that is under the head. Then:

– Either (s, σ) is a member of the domain of δ and δ(s, σ) = (s′, σ′, X). The
effect then is that the current state of M changes to s′, the head overwrites
the value σ in the cell under it with σ′ and next the head either moves to
the left or the right depending on whether X = L or X = R.

– Or (s, σ) is not part of the domain of δ. Execution stops. If s ∈ F , the input
is accepted, otherwise it is rejected.

Time complexity. The (worst-case) time complexity of a Turing machine M
is the maximal number of execution steps, or state changes, as a function of
the size of the input. The size of the input is usually defined as the number of
symbols between the left-most and right-most non-blank symbols.

Turing-completeness. A programming language is Turing-complete if it has
the same computational power as Turing machines. In other words, every Turing
Machine can be simulated in the programming language and every program of
the language can be simulated on a Turing machine.

2.2 Random Access Memory machines

The Random Access Memory (RAM) machine closely models the basic features
of traditional sequential computers. In the literature many variations of the RAM
have been considered. We investigate two different RAM machines. The first is a
RAM machine with simple Peano arithmetic operations and the second has the
standard arithmetic operations as they are implemented on today’s computers.



Instruction Effect

inc A Increment the value of register A by one.

dec A Decrement the value of register A by one.

clr A Set the value of register A to zero.

const B A1 Set the value of register A1 to the value B.

add A2 A1 Add the value of register A2 to the value of register A1.

sub A2 A1 Subtract the value of register A2 from the value of register A1.

mult A2 A1 Multiply the value of register A2 to the value of register A1.

div A2 A1 Divide the value of register A1 by the value of register A2.

move A2 A1 Set the value of register A1 to the value of register A2.

i move A2 A1 Set the value of register A1 to the value of the register given by
the value of register A2.

move i A2 A1 Set the value of the register given by the value of register A1 to
the value of register A2.

jump L Set the program counter to L.

cjump A L If the content of register A is zero, set the program counter to
L; otherwise continue.

halt Halt execution of the RAM.

Table 1. Instruction set of the RAM

Common architecture. A RAM machine consists of two components: the cen-
tral processing unit (CPU) and a random-access memory. The memory consists
of a number of cells, or registers. Every cell has an address and a value. Ad-
dresses are successive natural numbers. In our models the memory is split into
two disjoint parts with separate address spaces: the first is the working memory
whose cells contain integers and the second is the program memory whose cells
contain the successive instructions of the program. The working memory is ini-
tialized appropriately, i.e. the values of all the memory cells are zero except those
that contain the input parameters. By convention, particular memory cells may
contain the output of an execution. We use A,A1, A2, . . . to represent working
memory addresses and L,L1, . . . for program memory addresses.

The CPU follows a fetch-and-execute cycle. It has a program counter that is
initialized to the first program memory address. This program pointer contains
the address of the program memory cell with the next instruction to be executed.
The CPU fetches the instruction in the cell and performs the corresponding op-
erations. This involves setting the program counter to the next instruction, by
default the successor of the current address. Table 1 lists the instructions sup-
ported by the standard-arithmetic RAM machine. The Peano-arithmetic RAM
machine uses a subset of these instructions.

Definition 2 (Peano-Arithmetic RAM). A Peano-arithmetic RAM machine
consists of a program and a working memory as described above. The program
instructions are inc, dec, clr, jump, cjump, and halt (see Table 1).



This corresponds to the definition given in [12]. All copying, addition and
subtraction has to be done by repeated use of the inc and dec instructions.
This makes the Peano-arithmetic RAM less realistic, as actual computers do
provide instructions for addition and subtraction. However, pure CHR without
built-in constraints does not provide any arithmetic functionality either. Hence,
arithmetic must be encoded, for example using Peano arithmetic.

Definition 3 (Standard-Arithmetic RAM). A standard-arithmetic RAM
machine (or standard RAM) consists of a program and a working memory as
described above. The program instruction set is given in Table 1.

This instruction set is similar to the one defined in [3], and resembles more
closely actual computers. The inc, dec, and clr instructions are redundant: they
can be implemented using add, sub, and const.

Time complexity. Every fetch-and-execute cycle in the RAM machine com-
prises one step. For this to be realistic, the memory cells have to be of bounded
size. Without upper bound, a standard RAM can compute, in O(n) steps and
without input, numbers as high as 22

n

, which require O(2n) Turing machine steps
just to write to the tape. This means that a polynomial relationship between
standard RAM machines and Turing machines would be impossible. Addition
and subtraction take linear time in the Peano-arithmetic RAM, whereas they
happen in constant time in the standard RAM.

Turing-completeness of the RAM. The two formulations of the RAM ma-
chine are both Turing-complete. For both RAM machines, a T -time Turing ma-
chine can be simulated in O(T ) time. The main difference between the two RAM
machines is in the effect on time complexity when they are simulated on a Tur-
ing machine. In [12] it is reported that a T -time Peano-arithmetic RAM using
S registers can be simulated on a Turing machine in O(ST log2 S) time. The
standard RAM is also polynomially related to the Turing machine, although the
complexity penalty of simulating a it on a TM is much higher. It can be shown
(see e.g. [3]) that a standard RAM M with time complexity T can be simu-
lated on a multi-tape TM with O(T 4) time complexity1. Because simulating a
multi-tape TM on a single-tape TM squares the time complexity [8], we have:

Lemma 1. Any standard-arithmetic RAM machine with time complexity T can
be simulated on a Turing machine with time complexity O(T 8).

2.3 CHR machines

We assume the reader to be familiar with CHR. See [5] for an overview of the
Constraint Handling Rules (CHR) language. We say a CHR program is CHR-
only (this term was coined in [14]) if its rules do not contain any host-language

1 Actually, a tighter bounds of O
`

(T log T log log T )2
´

may be shown, as mentioned in
a footnote on page 26 of [3].



built-ins in the body, and contain only syntactic (in)equalities in the guard.
Furthermore, no compound Prolog terms are allowed: constraint arguments are
constants or variables.

If we assume the existence of constant-time built-in arithmetic operations
(one-way constraints) provided by the host language, then CHR can match the
arithmetic efficiency of the standard RAM. This assumption is not unrealistic as
the host language of CHR is often a language implemented on a standard RAM.
For example, the host language Prolog provides the is/2 one-way constraint that
implements the arithmetic operations through delegation of the corresponding
operations to the RAM on which Prolog is interpreted. Therefore, it makes sense
to look at CHR programs in which statements are allowed that are likely to be
available in every host-language: the basic arithmetic and comparison operations.
We call such programs minimal host-language CHR programs. The set of extra
built-in constraints must contain at least +, −, ∗, /, =, and 6=.

Operational semantics. We will use the standard operational semantics of
CHR, sometimes also called abstract or high-level operational semantics. Several
versions of the operational semantics have already appeared in the literature,
e.g. [1, 5]. We adopt the version of [4], which is equivalent to the previous ones,
but closer in formulation to the refined semantics, used in most implementations.
The operational semantics is formulated as a state transition system.

Execution state. Firstly, we define an execution state σ as a tuple 〈G,S,B, T 〉n.
The first part of the tuple, the goal G, is the multiset of constraints to be rewrit-
ten to solved form. The CHR constraint store S is the multiset of identified CHR
constraints that can be matched with rules in the program P . An identified CHR
constraint is a CHR constraint c associated with some unique integer i, which
serves to differentiate among copies of the same constraint. We introduce the
functions chr(c#i) = c and id(c#i) = i, and extend them to sequences, sets and
multisets of identified CHR constraints in the obvious manner. The constraint
theory of the built-in constraints is denoted by Db.

The built-in constraint store B is the conjunction of all built-in constraints
that have been passed to the underlying solver. For CHR-only programs, the
built-in store is not needed. Since we will usually have no information about
the internal representation of B, we will model it as a logical conjunction of
constraints. The propagation history T is a set of sequences, each recording the
identities of the CHR constraints that fired a rule, and the name of the rule
itself. This is necessary to prevent trivial non-termination for propagation rules:
a propagation rule is allowed to fire on a set of constraints only if the constraints
have not been used (in the same order) to fire the same rule before. Finally, the
counter n represents the next free integer that can be used to number a CHR
constraint. Given an input query Q, the initial execution state is: 〈Q, ∅, true, ∅〉1.

Transition rules. The standard operational semantics is based on the three
transition rules listed in Figure 1. The first rule tells the underlying solver to



1. Solve 〈{c} ] G, S, B, T 〉n �solve 〈G, S, c ∧ B, T 〉n where c is a built-in
constraint. This transition does not occur in CHR-only programs.

2. Introduce 〈{c} ] G, S, B, T 〉n �introduce 〈G, {c#n} ] S, B, T 〉(n+1)

where c is a CHR constraint.

3. Apply 〈G, H1 ] H2 ] S, B, T 〉n �apply 〈C ] G, H1 ] S, θ ∧ B, T ∪ {h}〉n

where there exists a (renamed apart) rule in P of the form

r @ H
′

1 \ H
′

2 ⇐⇒ g | C

and a matching substitution θ such that chr(H1) = θ(H ′

1), chr(H2) = θ(H ′

2)
and Db |= B → ∃̄B(θ ∧ g) and h = (r, id(H1), id(H2)) 6∈ T .

Fig. 1. The transition rules of the standard operational semantics

add a new built-in constraint to the built-in constraint store. Of course, this
transition rule is not relevant for CHR-only programs. The second adds a new
identified CHR constraint to the CHR constraint store. The last one chooses a
program rule for which matching constraints exist in the CHR constraint store,
and whose guard is entailed by the underlying solver, and fires it.

The transitions are non-deterministically applied, starting from the initial
execution state, until either no more transitions are applicable (a successful
derivation), or the underlying solver can prove Db |= ¬∃̄∅B (a failed derivation).
In both cases a final state has been reached, the former a success state and the
latter a failed state. CHR-only programs do not have failed derivations.

Definition 4 (CHR-only Machine). A CHR-only machine consists of a CHR-
only program and an execution state. Its initial state is given by an input query,
which is a sequence of constraints. The machine works by exhaustively applying
the transitions of the operational semantics, given in Figure 1. The output, or
solved form, is given by the remaining constraints in the constraint store.

Definition 5 (Minimal Host-language CHR Machine). A minimal host-
language CHR machine consists of a minimal host-language CHR program and
an execution state. Input, processing, and output are as in definition 4.

Clearly, the CHR-only machines are a subset of minimal host-language CHR
machines. Both machines are theoretical models because we will assume they
can do every transition in constant time.

Time complexity. The time complexity of a particular CHR derivation from
an initial to a final state is the number of derivation steps. For a given CHR
program P , the time complexity fP (q) of an initial query q is the maximum
length of all derivations starting from q, or +∞ if one of these derivation does
not terminate. The size |q| of a query q is the number of constraints in the query.



Definition 6. The time complexity of a CHR program P is a function timeP (n):

timeP (n) = max
|q|=n

fP (q)

Example. This definition does not correspond to the reality of CHR imple-
mentations. For example, a CHR-only machine can solve a crossword puzzle
with time complexity linear in the number of words, which is impossible in im-
plementations on a RAM machine. Given a query containing n words from a
dictionary as word/k constraints (word length k), the following program returns
all s solutions for the given crossword puzzle in time n + s.

A B C D E

F G H

I J K L

M N O P

Q R S T U

Crossword puzzle solver
word(A,B,C,D,E), word(I,J,K), word(M,N,O,P),

word(Q,R,S,T,U), word(A,F,I), word(J,M,R),

word(C,G,K,N,S), word(O,T), word(E,H,L,P,U)

==>

sol(A,B,C,D,E,F,G,H,I,J,K,L,M,N,O,P,Q,R,S,T,U).

3 Simulating Turing machines in CHR

Lemma 2. Any Turing machine can be simulated on a CHR-only machine.

Proof. Consider the following Turing machine simulator written in (pure) CHR:

Turing Machine Simulator
trans @ delta(S,G,Sp,Gp,Dir) \ current_state(S), head(Cell),

cell(Cell,G,Left,Right)

<=> current_state(Sp),

cell(Cell,Gp,Left,Right),

move(Dir,Cell,Left,Right).

move(l,Cell,L,_) <=> L \= null | head(L).

move(l,Cell,null,R), cell(Cell,G,null,R)

<=> cell(Cell,G,L,R), cell(L,b,null,Cell), head(L).

move(r,Cell,_,R) <=> R \= null | head(R).

move(r,Cell,L,null), cell(Cell,G,_,_)

<=> cell(Cell,G,L,R), cell(R,b,Cell,null), head(R).

The meaning of the different constraints in the simulator is:

– delta/5 encodes the partial transition function in the obvious way. The first
two arguments are the inputs and the last three the output of δ.

– current state/1 contains the current state.
– head/1 contains the identifier of the cell under the head.



– cell/4 represents a cell of the tape. The first argument is the unique iden-
tifier of the cell. The second is the symbol in the cell (b represents the blank
symbol) and the last two are the identifiers of the neighboring cells.

– move/4 represents a move of the head. The first argument is the direction of
movement, l for left and r for right. The second argument is the identifier
of the current cell and the last two are the identifiers of respectively the cell
to the left and the right.

The special cell identifier null is used to refer to a not yet instantiated cell. The
corresponding rules for move/2 take care of extending the tape.

A simulation of the execution of a Turing machine M proceeds as follows.
The the left-most and rightmost non-blank cells on the initial tape are encoded
as cell/4 constraints together with all the cells in between. The identifier of
the cell to the left of the left-most non-blank is set to null and similarly for the
cell to the right of the right-most non-blank cell. The transition function δ of M
is encoded in multiple delta/5 constraints. All these constraints are combined
in the initial query together with the constraint current state(S0) where S0

is the initial state of M and the constraint head(LeftMost) where LeftMost is
the identifier of the left-most non-blank cell.

The reader can easily verify that this CHR program can indeed simulate
any Turing machine. Also, the mapping of Turing machine programs and tape
inputs to the corresponding query for the simulator is obvious. Finally it is
straightforward to extract the output of the simulated Turing machine from the
output of the simulator: it suffices to look at the remaining cell/4 constraints.

3.1 Time complexity

Theorem 1. A Turing machine with time complexity O(T ) can be simulated on
the above CHR machine in time O(T ).

Proof. If T is the number of steps of the execution of the Turing Machine M ,
then the number of CHR transition steps in the simulator is bounded by 6T +
2E. Every step of the Turing machine corresponds with one application of the
trans rule and one application of either of the move rules. These two rules
introduce at least 4 new constraints that need to be inserted. That accounts for
the term 6T . Finally, each time the tape is extended to the left or the right, two
additional cell/4 constraints are inserted by a move rule. E is the number of
these extensions, with E ≤ T .

Hence the time complexity of the simulation of M in CHR is O(T ) where T
is the time complexity of M . ut

Simulator specialization. The simulator program may be specialized for a
particular Turing Machine. Instead of the trans rule, the specialized version
has one rule of the form:

S, head(Cell), cell(Cell,G,Left,Right)

<=> Sp, cell(Gp,Left,Right), move(Dir,Cell,Left,Right).



for every delta(S,G,Sp,Gp,Dir) constraint. This specialization does not affect
the time complexity in an essential way.

4 Simulating RAM machines in CHR

Lemma 3. Any Peano-arithmetic RAM machine can be simulated on a CHR-
only machine, and any standard-arithmetic RAM machine can be simulated on
a minimal host-language CHR machine.

4.1 Simulating the Peano-arithmetic RAM

The following CHR-only program simulates the Peano-arithmetic RAM machine:

Peano-arithmetic RAM simulator
prog(L,L1,inc,A) \ m(A,X), pc(L) <=> m(A,Z), s(Z,X), pc(L1).

prog(L,L1,dec,A) \ m(A,X), s(X,Y), pc(L) <=> m(A,Y), pc(L1).

prog(L,L1,clr,A) \ m(A,X), pc(L) <=> m(A,zero), pc(L1).

prog(L,L1,jump,A) \ pc(L) <=> pc(A).

prog(L,L1,cjump,A,L2), m(A,zero) \ pc(L) <=> pc(L2).

prog(L,L1,cjump,A,L2), m(A,X), s(X,_) \ pc(L) <=> pc(L1).

prog(L,L1,halt) \ pc(L) <=> true.

The query consists of an encoding of the RAM program as prog/{3,4,5}
constraints; the first argument represents the label (or line number), the second
argument is the label of the next program line, the third argument is an instruc-
tion mnemonic. The other arguments of the prog/{4,5} constraints contain the
operands of the instruction. The memory content is represented as a chain of
s/2 constraints ending in zero, where s/2 represents the successor function. The
memory has to be initialized by adding to the query one m/2 constraint for every
register which is used in the program. Finally, the program counter must be set
to the label of the first line of the program by adding an initial pc/1 constraint.
Note that this CHR program does not rely on numbers or arithmetic operations.

Time complexity. After the initialization, one rule is applied for every step of
the Peano-Arithmetic RAM. Applying a rule causes at most three constraints
to be inserted. Therefore, the number of CHR steps is bounded by four times
the number of RAM steps. Hence, the time complexity of simulating a PA-RAM
machine M in CHR(-only) is O(T ) where M has time complexity T .

Initializing the n memory cells to values vi (0 ≤ i ≤ n) means inserting n
m/2 constraints and m s/2 constraints, with m =

∑n

i=1
vi.

Theorem 2. A Peano-arithmetic RAM machine with time complexity O(T ) can
be simulated on the above CHR-only machine in time O(T ), not counting mem-
ory initialization.



4.2 Simulating the standard-arithmetic RAM

We can also simulate the more realistic standard-arithmetic RAM machine in
CHR. However, if we want to do this without a complexity penalty, we need
minimal host language operations to handle the integers. The following minimal
host-language CHR program simulates the standard RAM machine. We used
Prolog syntax here – but of course the five host-language statements can easily
be modified to the syntax of other host-languages like Java.

Standard RAM simulator
prog(L,L1,const,B,A) \ m(A,_), pc(L) <=> m(A,B), pc(L1).

prog(L,L1,add,B,A), m(B,Y) \ m(A,X), pc(L) <=>

Z is X+Y, m(A,Z), pc(L1).

prog(L,L1,sub,B,A), m(B,Y) \ m(A,X), pc(L) <=>

Z is X-Y, m(A,Z), pc(L1).

prog(L,L1,mult,B,A), m(B,Y) \ m(A,X), pc(L) <=>

Z is X*Y, m(A,Z), pc(L1).

prog(L,L1,div,B,A), m(B,Y) \ m(A,X), pc(L) <=>

Z is X//Y, m(A,Z), pc(L1).

prog(L,L1,move,B,A), m(B,X) \ m(A,_), pc(L) <=> m(A,X), pc(L1).

prog(L,L1,i_move,B,A), m(B,C), m(C,X) \ m(A,_), pc(L) <=>

m(A,X), pc(L1).

prog(L,L1,move_i,B,A), m(B,X), m(A,C) \ m(C,_), pc(L) <=>

m(C,X), pc(L1).

prog(L,L1,jump,A) \ pc(L) <=> pc(A).

prog(L,L1,cjump,R,A), m(R,0) \ pc(L) <=> pc(A).

prog(L,L1,cjump,R,A), m(R,X) \ pc(L) <=> X =\= 0 | pc(L1).

prog(L,L1,halt) \ pc(L) <=> true.

Time complexity. The time complexity of this simulator is similar to the
Peano-arithmetic RAM simulator. A minor difference is in the time for memory
initialization, which does not depend on the size of the input numbers as in the
Peano-arithmetic RAM simulator.

Theorem 3. A standard-arithmetic RAM machine with time complexity O(T )
can be simulated on the above minimal host-language CHR machine in time
O(T ), not counting memory initialization.

5 Simulating CHR on RAM machines

For the simulation of CHR on RAM machines we can refer to the available CHR
implementations in various host languages: Prolog [13, 9], HAL [10], Haskell [16]



and Java [2, 17]. As all these host languages can be simulated on RAM machines,
the simulation of CHR on RAM machines follows.

Theorem 4. Both CHR machines are Turing-complete.

Proof. Because of Lemma 2, every Turing machine can be simulated on a CHR-
only machine (which is also a minimal host-language CHR machine). Every CHR
machine can be simulated on a Turing machine, because every CHR machine can
be simulated on a RAM machine (we can use any CHR compiler), and because
RAM machines can be simulated on a Turing machine (Lemma 1). ut

Part of the non-determinism in the operational semantics of CHR is reduced
in the above CHR systems, since they use specific instantiations of the abstract
operational semantics. We consider the particular instantiation called the refined
operational semantics [4], which is used in all major optimizing CHR systems.

5.1 Time complexity of simulating CHR on a RAM machine

The following general result holds for CHR-only programs and for CHR programs
where every host language statement takes constant time.

Theorem 5. A CHR program with time complexity O(f(n)) can be simulated
on a RAM machine with time complexity O(f(n)m), where m is the maximal
number of head constraints in a rule of the CHR program.

Proof sketch. We will use the execution strategy of the refined operational se-
mantics: after every Introduce transition, we try to apply, in textual order, the
rules containing the introduced (or active) constraint in the head. The Solve
transition takes constant time by assumption. The Introduce transition can
also be performed in constant time, given a sufficiently efficient implementation
of the constraint store – a linked list suffices. Trying an Apply transition can
be done as follows: for every occurrence, find the partner constraints in the store
and check the guard condition. In the worst case, this takes O(RSm−1) RAM
cycles, where R is the number of occurrences of the active constraint and S is
the number of constraints in the store. Because S is bounded by O(f(n)), and
R is bounded by a constant for a fixed CHR program, we get a worst-case time
complexity of O(f(n)m−1) RAM cycles per CHR transition. Hence, the time for
simulating O(f(n)) CHR steps on a RAM machine is O(f(n)m). ut

Note that restricting the execution strategy to the refined operational se-
mantics results in a tighter bound for the cost of trying an Apply transition.
Lemma 4.1 in [6] gives a complexity of O(rSm) where r is the number of CHR
rules, which is weaker than our bound of O(RSm−1). The reason is that in the
refined semantics not all possible combinations of constraints are tried: only the
combinations containing the active constraint are considered.



5.2 RAM → CHR → RAM

We are now ready to state the most important result of this paper. It implies
that every algorithm can be implemented in CHR with the best known time and
space complexity.

Theorem 6. For every RAM program P with time complexity f(n), using g(n)
memory cells, a minimal host-language CHR program P ′ exists which computes
output corresponding to the output of P . Furthermore, P ′ can be simulated on a
RAM machine with time complexity O(f(n)), using O(g(n)) memory cells.

Proof sketch. It suffices to show that for the RAM simulator described in Sec-
tion 4.2, the host-language code generated by the CHR compiler can perform
every RAM instruction in constant time, and the host-language code can be ex-
ecuted using O(g(n)) memory. This is in fact the case for the K.U.Leuven CHR
compiler [13], which uses intelligent scheduling of partner constraint lookups,
and hash-table constraint stores for ground constraints. These features allow
a constant-time lookup of the partner prog/4 and m/2 constraints since they
are functionally dependent on the given pc/1 constraint. Also, the insertion
and deletion of m/2 constraints in the store can be performed in constant time.
Hence, the time complexity of the resulting RAM simulation of P ′ is linear in
the number of rule applications (which is exactly f(n)).

Thanks to compile-time garbage collection, space can be reused every time
a memory cell constraint m(A, ) is updated. Also, potential stack related addi-
tional space use can be reduced to a constant because of tail recursion optimiza-
tion. The propagation history is only needed for propagation rules, which do not
occur in the simulator program. Because of the above optimizations, the space
usage will be linear in the number of m/2 constraints (which is exactly g(n)). ut

This means that if some algorithm can be implemented efficiently in some
programming language, it can be implemented in CHR too, with the same time
and space complexity. In other words, everything can be implemented in CHR
with the best known complexity. Of course, in the worst case this can only be
done by simulating the RAM version of an existing program. However, we are
convinced that in practice much more elegant CHR programs can be constructed.

6 Simulating CHR on Turing machines

In the previous section, we showed that a CHR program with time complexity
O(f(n)) can be simulated on a RAM machine with time complexity O(f(n)m).
According to Lemma 1, RAM machines with time complexity T can be simu-
lated on a Turing machine with time complexity O(T 8). Combining these upper
bounds, we get the following (expected) result:

Theorem 7. Any CHR machine with time complexity O(f(n)) can be simulated
on a Turing machine with time complexity O(f(n)8m), where m is the maximal
number of head constraints in the rules of the CHR machine.



Corollary 1. Let P = PTM be the class of problems that can be solved with a
Turing machine in polynomial time, and PCHR the class of problems that can be
solved with a CHR-only machine in polynomial time. We have PTM = PCHR.

Proof. Follows from Theorem 1 and Theorem 7. ut

7 Conclusion

We have generalized the optimal complexity result obtained for the union-find
algorithm [15] to any algorithm which can be executed on a RAM machine. In
other words, we showed that every algorithm can be implemented in CHR with
the best-known time and space complexity.

We have shown that the CHR language is Turing-complete. We have intro-
duced a new model of computation, the CHR machine. We have established
upper bounds on the penalties for simulating Turing machines and RAM ma-
chines on a CHR machine, and vice versa, and found that all three models are
polynomially related. This was done by providing and analyzing Turing machine
and RAM machine simulators written in CHR.

Future work. An open problem is to formulate, if possible, the equivalent of
the linear speedup theorem [8] for CHR machines. This would involve combining
derivation steps by combining rules, improving the time complexity by a constant
factor. It is unlikely that such a theorem would be useful in practice.

Another open question, related to database indexing, is a syntactic charac-
terization of CHR programs that admit finding applicable rules in constant time.

There seems to be a similarity between non-deterministic Turing machines
and CHR programs which allow multiple execution paths. For confluent pro-
grams, some paths will lead more quickly to a solution than others, and de-
pending on the execution strategy, the program might have a different time
complexity. Non-confluent programs are of course even more dependent on the
specifics of the execution strategy. A non-deterministic Turing machine could be
modelled as a non-confluent CHR program, where the non-deterministic choices
correspond to execution strategy decisions.

Another almost unexplored topic is the study of what could be called a k-
parallel CHR machine (k ∈ N0∪{∞}) : a CHR machine able to perform at most
k transitions simultaneously, as long as the multisets of removed constraints of
every rule application are disjunct.

A variant of the RAM machine, the RASP machine (Random Access Stored
Program), has its program in the working memory, allowing self-modifying pro-
grams. Both models are equivalent within a constant factor. The concept of self-
modifying CHR programs needs to be investigated. Interestingly, self-modifying
CHR programs are not polynomially related to the models discussed in this pa-
per, since the number of head constraints in a rule would not remain constant
for a given program.
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10. Christian Holzbaur, Maŕıa Garćıa de la Banda, Peter J. Stuckey, and Gregory J.
Duck. Optimizing Compilation of Constraint Handling Rules in HAL. Theory and
Practice of Logic Programming, Special Issue on CHR, 5(4+5), 2005.

11. John E. Hopcroft, Rajeev Motwani, and Jeffrey D. Ullman. Introduction to Au-
tomata Theory, Languages, and Computation. Addison Wesley Longman, 2001.

12. John E. Savage. Models of Computation. Addison-Wesley, 1998.
13. Tom Schrijvers and Bart Demoen. The K.U.Leuven CHR system: Implementation
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